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EIGENVALUE HOMOGENIZATION PROBLEM 
WITH INDEFINITE WEIGHTS 

JULIAN FERNANDEZ BONDER, JUAN P. PINASCO, ARIEL M. SALORT 


Abstract. In this work we study the homogenization problem for nonlinear 
elliptic equations involving p—Laplacian type operators with sign changing 
weights. We study the asymptotic behavior of variational eigenvalues, which 
consist on a double sequence of eigenvalues. We show that the k—th positive 
eigenvalue goes to infinity when the average of the weight is nonpositive, and 
converge to the A:—th variational eigenvalue of the limit problem when the 
average is positive for any k > 1. 


1. Introduction 


In this work we will consider the following nonlinear eigenvalue problem with 
indefinite weight, 


( 1 . 1 ) 


— div(ae(x, Vm)) = Ap£(a;)|M|^ in 17 C 
u = 0 on 917, 


where A is the eigenvalue parameter, is a bounded weight function with non¬ 
trivial positive and negative parts and the operator div(a£(x, Vit)) is a quasilinear 
(p— 1)—homogeneous in the second variable with some precise hypotheses that are 
stated below (see assumptions (H0)-(H8) in section 2). The most relevant example 
of such operator is given by 

ae{x,0 = 

with A^{x) G R-^^^ bounded symmetric matrix and positive definite uniformly in 
e: > 0. 

The domain 17 is assumed to be bounded but no regularity hypotheses are im¬ 
posed on 917. 

For this eigenvalue problem CU), it is known that there exist two sequences of 
eigenvalues {A+^}fe>i, {A“^}fe>i, such that 

Aj’j, ^ oo, A~j, —>■ —oo as fc —>• oo. 

See [7] for a survey. 

The asymptotic behavior as e 0 of these nonlinear eigenvalues in the unweighted 
case (i.e. = 1) was studied in [TJ[31I1]. In particular, for the problem 


— div(a£(a;, Vu)) = A|m|^ 


1 


in 17 
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it is proved that the fc—th variational eigenvalue converges to the fc—th variational 
eigenvalue of the limit problem 

— div(a(a;, Vu)) = X\u\^~‘^u in 

where a{x,^) is the so-called G—limit of the operators ae{x,^). See [3]. Of course, 
the convergence is understood up to a subsequence. See section 2 for the definition 
and some elemetary properties of the G—convergence. 

The G—convergence of monotone operators has a long story and there are plenty 
of results in the literature due to the usefullness of this concept in the limit behavior 
of boundary value problems, specially in homogenization theory, see, for instance 
[illlH] and references therein. 

The purpose in this paper is to extend the results of [3] to the undefinite weighted 
case. The main result of this work is the following. 

Theorem 1.1. Assume that ae{x,^) satisfies (H0)-(H8) defined is section 2. More¬ 
over, assume that ae{x,^) G—converges to a(x,^). Let pe € be such that 

Pe ^ p weakly* in L°°{Vl). Then 

• If = 0, —>■ oo as e 4, 0. 

• If ^ 0, as e 4, 0, where {A^}fc>i are the positive eigenvalues 

associated to the operator a{x,^) with weight p. 

Our approach follows closely the one in . The main difference is the fact that 
we cannot work with a uniform normalization condition as in the unweighted case. 
The normalization condition varies with e and that has to be taken care of. 

Remark 1.2. Obviously, an analogous statement holds for the negative eigenvalues 
with the obvious modifications. 

For second order linear elliptic operators, the eigenvalue convergence for the 
problem of periodic homogenization with sign changing weights was studied recently 
in [9]. Our results here are closely related to theirs, although several differences 
arise. Of course, in our setting we are not able to use asymptotic expansions, nor 
orthogonality of eigenfunctions. So, our proofs are different, based mainly on the 
variational arguments developed in [3]. The main drawback of our approach is 
that we were unable to obtain one of their results, the convergence of the rescaled 
sequences of eigenvalues which diverges and the corresponding limit problem. 

On the other hand, our hypotheses in go beyond periodic homogenization, 
and we have relaxed the regularity hypotheses on 17, since in [9] they work with 
domains of class G^’“. Also, different boundary conditions can be handled in this 
way as in [5]. 

Now, a natural question is the study of a quantitative version of Theorem lI.il 
That is, give some precise rate of convergence or divergence of the eigenvalues. 

Recently, in we have obtained the rate of convergence of eigenvalues of prob¬ 
lem (HH) in the case where the operator a^ix, is independent of e and the wheight 
function is positive and given in terms of a periodic function p, as Pe{x) = p(f )■ 

See also the bibliography in for references about the linear problem and [5] 
for the analysis of different boundary conditions. Moreover, in [12] the analysis for 
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the Fucik eigenvalue problem for the p—laplacian is done and in m the fractional 
laplace operator is studied. 

In order to perform such analysis, we need to make some further assumptions 
on the weights pe and on the operators ae{x,^). 

First, we assume that the weights are given in terms of a periodic function p 
in the form Pe(x) = p(f )• In this case, it follows that 

Pe ^ p := ^ p{y) dy, 

where Y = [0,1]-^ and the funcion p is assumed to be F—periodic. Under these 
assumptions, we obtain a rate of divergence for the eigenvalues. More precisely, we 
prove 

Theorem 1.3. Assume that satisfies (H0)-(H8) defined is section 2. As¬ 

sume, moreover that Pe{x) = p{-) where p is a F—periodic function, F = [0, l]'^. 
Then 

(1) if p = 0 then = 0{£~^) as e 0, 

(2) if p > 0 then eXfi is bounded away from zero as e 0, 

(3) if p < 0 then is bounded away from zero as e 0. 

Moreover, in the case of periodic homogenization, with a^ix,^) = a(f ,^), we have 
that 

(1) if p = 0 then A^^, = 0{e~^) as e 0, 

(2) if p > 0 then e^A“^ is bounded away from infinity as e 0, 

(3) if p < 0 then e^A^^ is bounded away from infinity as e 0. 

Remark 1.4. In [^, where only linear eigenvalue problems and periodic homogeniza¬ 
tion was considered, the authors proved that cfe~^ < A“^ < when p > 0. 

That result is obtained by using a factorization technique in order to construct the 
eigenfunctions asymptotic. We cannot use here these kind of arguments, due to the 
nonlinear character of the problem, and we get only the upper bound with a worse 
lower bound. 

Finaly, in the case where the operators ae(a;,^) are independent of e we can 
obtain a rate of convergence of the eigenvalyes. 

Theorem 1.5. Let ae{x,Vu) = a(x,Vu) be fixed, not depending on e, and pe as 
in Theorem \1.3\ If p > 0, we have the following estimate, 

|A+fc-Afc| <Ck£, 

where Ck is given explicitly, and depend only on p, N and ||p||oo- 
An analogous result holds when p < 0. 

Organization of the paper. After this introduction, the rest of the paper is 
organized as follows: 

In section 2 we recall some preliminary results needed in the rest of the paper. 
In section 3 we prove the main result of the paper, namely Theorem ll.il In section 
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4 we prove our results on the divergence of eigenvalues, Theorem 11.31 Finally, in 
section 5, we prove the rate of convergence of the eigenvalues Theorem 11.51 

2. Preliminary results 

2.1. G— convergence of monotone operators. Let us consider the operator 
A: Wo'P(fi) W-^’P'(n) given by 

Au := —div{a{x,'\7u)). 

We assume that a: fl x —>■ satisfies, for every ^ G and a.e. x € id, the 

following conditions: 

(HO) measurability: a(-, •) is a Caratheodory function; that is, a{x, •) is continu¬ 
ous a.e. x G il, and a(-,^) is measurable for every ^ G . 

(HI) monotonicity: 0 < (a(a;,^i) — n(a:, ^ 2 ))(Ci —^ 2 )- 
(H2) coercivity: a|^|^ < a(x,^) • 

(H3) continuity: |a(a:,^)| < 

(H4) (p — 1) — homogeneity: a{x,t^) = t'P~^a[x,^) for every t > 0. 

(H5) oddness: a(x,—^) = —a(x,^). 

Let us introduce 'I'(a;,^i,^ 2 ) = a(x,^i) • + 0 ( 2 :,‘^ 2 ) ■ C 2 for all ^ 1,^2 S and 

all X G ft; and let i5 = min{p/2, {p — 1)}. 

(H6) equi-continuity: 

|a(a;,Ci) - a(a;,C 2 )| < cT(a;,,fi,C 2 )^^"^“'*^'^^((a(a;, 6 ) - a{x,^ 2 )) ■ (6 - 

(H7) cyclical monotonicity: ~ ^ Oj for all A: > 1, and 

€i, ■ ■ ■ Ak+i, with = ^k+i- 
(H8) strict monotonicity: let 7 = max(2,p), then 

a|6 < (a(a;:Ci) - a{x,^2)) ■ (6 -6)- 

Under these conditions .4. is a monotone operator. Moreover, we have the fol¬ 
lowing results: 

Proposition 2.1 ([T], Lemma 3.3). Given a{x,^) satisfying (H0)-(H8) there exists 
a unique Caratheodory function $ which is even, p—homogeneous strictly convex 
and differentiable in the variable f satisfying 

(2.1) a|cr <<i>(x,0 </3|er 

for all ^ G K.'^ a.e. a: G H such that 

=pa{x,f,) 

and normalized such that 4>(x, 0) = 0. 

Let us recall the definition of G— and Mosco-convergence: 

Definition 2.2. We say that the family of operators AeU := — div(ae(a;, Vu)) G- 
converges to Au := — div(a(a;, Vu)) if for every / G W~^’^ (U) and for every 
strongly convergent to / in W~^’^ (U), the solutions of the problem 

f — div(ae(u^, Vu^)) =/e in fl 
1 = 0 on 
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satisfy the following conditions 

^ u weakly in 

ae(x, Vu'^) a(x, Vu) weakly in (LP(n))", 

where u is the solution to the equation 

{ — div(a(a;, Vu)) = / in 17 
u = 0 on 917. 

Definition 2.3. Let X be a reflexive Banach space and Fj : X ^ [0, +oo] be a 
sequence of functionals on X. Then, Fj Mosco-converge to F if and only if the 
following conditions hold; 

• Lower bound inequality: For every sequence such that uj u 

weakly in X as j ^ oo, 

F{u) < liminf 

j-yoo 

• Upper bound inequality: For every u € X, there exists a sequence 
such that Uj —>■ u strongly in X as j —>■ oo such that 

F{u) > lim sup Fj (uj). 

J-S-OO 

In the general case, one has the following results proved in mm 

Theorem 2.4 ([4], Theorem 4.1). Assume that a^{x,^) satisfies Then, 

up to a subsequence, Ae G—converges to a maximal monotone operator A whose 
coefficient a(x,f) also satisfies (H1)-(H3). 

Moreover, 

Theorem 2.5 ([T], Theorem 2.3). If AeU := — div(ae{a;, Vu)) G—converges to 
Au := — div(a(a;, Vu)) and ac(x,^) satisfies (H0)-(H8), then a(x,fi) also satisfies 
(H0)-(H8). 

Lemma 2.6 ([1], Lemma 4.2). Given ae{x,f), a{x,ff) satisfying (H0)-(H8), and 
<I)e(a;,^), $(a;,^) given by Provosition \2.1[ Let F^ and F he defined as 

= |/n ^ 

1 +00 otherwise, 

F{u) = ^ ^0 

I +00 otherwise. 

If As G—converges to A, then Fg Mosco-converges to F. 

2.2. Oscillatory integrals. The proof of the main Theorem makes use of some 
results on convergence of oscillatory integrals. In the case of periodic oscillations, 
the result needed here was proved in [ 6 ]. In fact, in [ 6 ] the following result is proved. 
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Theorem 2.7 ([6], Lemma 3.3). Let Lt C be a hounded domain and denote by 
Q the unit cube in . Let g £ L°°{M.^) be a Q-periodic function such that g = 0. 
Then the inequality 


g{j)udx 


< I|5||l“(r'V)Ci£||V u||ii(n) 


holds for every u £ where ci is the optimal constant in Poincare’s in¬ 

equality in L^[Q). 


For V £ TFo^’^(O) if one applies the previous result to u 
is obtained. 


|z;|P the next corollary 


Corollary 2.8 ([B], Theorem 3.4). Under the same assumptions of the previous 
result, for any v £ Wg’^(n) it holds, 


gmv\Pdx 


< ll5llL“(R")PCie||u||Pp(\.j)||Vu||iP(n). 


In the general case, when no periodicity is assumed, one cannot have a rate of 
convergence. Nevertheless the following result holds. 

Theorem 2.9. Let SI C be a bounded domain and let pe,p £ L°°(S1) be such 
that pe ^ p *-weakly in L°°{n). Let K C L^(S2) be a compact set. Then, 

lim sup / (pe — p)v dx = 0. 

^->■0 v^K Jn 


Proof. Given r > 0, there exists {vi}j^i C K such that K C By 

hypotheses, it holds that 

lim max / (pg — p)vi dx = 0. 


Let now Vg £ K he such that 

sup / {pg - p)v dx< {pg - p)vg dx + £. 
veK Jn Jn 

Hence, there exists ig £ {1,..., J} such that Vg £ Br{vi^). Now 

/ {Pe - p)vgdx = / {pg - p)v^,^ dx + / {pg - p){vg - v^Jdx 
J Q. Jci J Q, 

< max / (pg — p)vi dx + Mr, 

~ i<i<jJn 

where M is a bound on ||pe||oo + ||p||oo- Therefore 

lim sup sup / {pg — p)v dx < Mr. 


£—>■0 v£K JQ 

Since r > 0 is arbitrary, the result follows. □ 

In our application of Theorem 12.91 the compact set will be a bounded set in 
Wg^’^(H). So we have 
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Corollary 2.10. Under the same hypotheses of the previous theorem, we have 



Finally, when one consider bounded sets in VFQ’^(n) the following analog of 


Corollary 12.81 holds 

Corollary 2.11. Under the same assumptions of Theorem \2.!A 



2.3. Eigenvalues of quasilinear operators. We refer the interested reader to 


the survey [7] for details, only the facts that will be used below are stated here. 


In this subsection we state some results for the eigenvalue problem (ini) for fixed 
e > 0. Than is, we analyze the problem 



( 2 . 2 ) 


where 11 is a bounded open set in . 

We assume that a{x,^) satisfies (H0)-(H8) of the previous subsection, and as a 
consequence, there exists a potential funciont <i>(a;,^) given by ProDOsition l2.ll 

By using the Ljusternik-Schnirelmann theory, if p'^ ^ 0, one can construct a 
sequence of (variational) eigenvalues of ( 12 . 21 ) as 


, U^(x,Vv)dx 

= mf sup — , .. I 
C&Ckv^C jQPix)\v\Pdx 


(2.3) 


where 


Cfc = {C C M+: C is compact and symmetric, 7 (C) > k}, 



and 7 : E —>■ N U { 00 } is the Krasnoselskii genus, see m, 

"f{A) = minjfc S N: there exists / S C(^,K^’ \ {0}), f{x) = —f{—x)}. 

Of course, when p~ ^ 0 one can construct a seqence of negative eigenvalues in a 
complete analogous way changing M+ by M~ given by 



It is customary to reformulate (12.31) as 


J^p{x)\v\Pdx 



f^^(x,Vv)dx’ 


and due to the homogeneity condition (H4), we will use also the following equivalent 
characterization for the eigenvalues: 


1 
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where 

Vk = {C C S ■. compact and symmetric with 7 ( 6 ') > fc, and 0 ^ C}, 

S = M+n!^ueW^’P{n): J ^{x,Vu)dx = l 

The following useful Sturm-type theorem will be needed later: 

Theorem 2.12. Let Oi C 112 C and let {A^j}fe>i be the eigenvalues given by 
(lO) in Lli, i = 1,2, respectively. Then, 

^fc,2 — ^fc.l 

for any k >1. 

Moreover, let pi{x) < P 2 {x) a.e. x € LI and > < 1 ) 2 ( 2 ;,C) a.e. x € 0, for 

every f Then, if j}k>i are the eigenvalues given by (12.31) with weight pi 

and potential ^i, i = 1,2 respectively, then. 

The proof follows easily by comparing the Rayleigh quotient and using the in- 
elusion of Sobolev spaces ITQ’^(ni) C WQ’^{Lt 2 ). 


3. Proof of the main result 


In this section we prove the main result of the paper, namely Theorem ll.il 


Assume first that = 0 and pf ^ 0 for every e > 0. Let u € Wg^’^(n), then we 
have 

I <f)e(a;, Vu) da; > a|| Vu||^. 

an 

On the other hand, by Corollary 12.Ill we have 

/ pM^dx= [ pK + o(l)||ia||^-i||Vii||p<o(l)|M|yi||Vu||,. 

Jq, j Q 

Hence, we get the bound 

f^<l>e{x,Vu) dx / ||Vm||p \ 

InPeHPdx - 0 ( 1 ) V I|m|Ip / 

Now, taking the infimum in the former inequality, we obtain 

a 


^ »(i) 


p-i 

Pi”, 


where is the first eigenvalue of the p—laplacian with Dirichlet boundary condi¬ 
tions. 


From this, the first part of the theorem follows. 


Now, assume that 7 ^ 0. Then, pf^O for every £ > 0 small enough. 
Let us fix (5 > 0, and let C £ Cfc be such that 

sup / <I)(a;, Vv) dx < + S, 

v^cy J o 
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with 

/ p{x)\v\^ dx = 1 for any v G C. 

Jn 

This last condition can be imposed without loss of generality by the homogeneity 
of 

Since C is a compact set, we can choose r > 0 and {uiljLi C C, J = J(r), such 
that 


,7 

C c\J B{u,,r), 

i—i 

( \u — Ui\^dx 

Jn 



if u e B{ui,r), 


Since pe p, there exists some eo such that C C M+ for 0 < e < Eq. 

By Lemma 12.61 we have that the functionals {T'e}£>o Mosco-converge to F and 
this implies that, for any 1 < * < J, there exists a sequence Ue^,i Ui such that 

/ ^{x,Vui)dx = lim / ^^Ax^Vue^i) dx. 

Jn Jn 

Moreover, we can assume that t Ui in L^’(r2), and thus 

1 - (5 < [ Pej[x)\Ue^,iY‘dx < I + 5. 

Jn 


Following [3], let us take the convex closure of which is a compact 

convex set (since it has dimension lower than or equal to J). Observe that, since 
the functions Ue^^i are weakly convergent and hence bounded in ITq’^(O), the sets 
Csj are bounded in Wq^’^(O) uniformly in ej. 

We define the projection Pg. : C —>■ , and let us observe that, for any v £ C, 

since v G B(ui, r) for some i, we have 

-^Ilp <\\Pei iu^) -V\\p 

— ("^i) 71 + Ug^ y lip 

— ( 77 *) TIej lip + ||u Ug^ lip 

<CS + r. 


On the other hand, since \v\Pp{x) dx = 1, we have that 


luP dx > 


\v\^p{x) dx 


loo Jn 


Therefore, we conclude that 



\\PeAv)\\p>^-ics + r)>e>o 

IIHI^ 


and Gg. := Pg^ (C) C Cg^ \ Bg{0), and it has genus greater than or equal to k for e 
small enough. Again, the sets Gg^ are uniformly bounded in Wq^’^(O). 
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Now, 



< sup 


In 


< sup 

DgGe„ 



(x, Vv) dx 


sup 

v&Gsj 


fn[Pej {x) - p(x)]|i;|P + p{x)\v\P dx 


<{1 + 0{r) + 0(3) 


0{ej)) max 

1<2< J 


(x, Vue i)da; 


<(l+o(l)) max / ^{x,Vui)dx 

^<i<x J a 

<(1 + o(l))(Afc + (5). 


Therefore, we have obtained the inequality 
(3.1) A+,<(l + o(l))(A+ + 0(^)). 

Observe that, in particular, the sequence {A^. ^}jeN is bounded for each k € N 
and that 

limsupA+ < A^. 

j-^OO 

In order to prove the reverse inequality, that is A^ < liininfj_>oo A^ let us 

start now with a family of compact sets C {u G WQ^’^(n) ; ||Vit||p = 1}, and we 
choose Uej G Cg. such that 

In In dx ^ + 

InPejix)\uej\P J^pe,{x)\v\p - 


We can extract a sequence that we still denote by {ugjljgN, such that uq 

in Wg^’^(n) and so \us^\p -G |mo|^ in 

Now, due to the Mosco-convergence of the functionals, ^ $, and the weak 
convergence pe ^ p, we have 


fr^^(x,Vuo) dx fr, ^EAXjVUe . ) dx , 

I— < lim inf ^ ---j—— < lim inf A+ 

JnP{x)lUolPdx 1^00 J^PsAxjIUeA^ dx 


Sj < oo. 


On the other hand, we can choose G Ce^ such that 

L^(x,Vv)dx L $(a:, Vug,) da; 

sup , M - < r / M -f e?. 

vec,^ f^p(x)HP /aP(a;)ke,|P 

We can extract some weakly convergent sequence denoted again by {fg^. }jgN, such 
that Vej Vo in Wq’^(O). 

Let us now show that 

f^^(x,Vvo) dx ^ f^(!>(x,Vuo) dx 

f^plvojPdx ~ f^pluojPdx 


(3.2) 
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In fact, assume by contradiction that ()3.2|) does not hold. Then there exists 
T] > 0 such that 


<l>(x,Vvo) dx 'P(x,Vuo) dx 

fi^pjvolPdx fi^pjuolPdx 


Hence 


fQ^eA^’'^'^ej)dx ^ f^^(x,Vvo)dx 

“ InPMP 



lini inf A j". f, > lim inf — 


j—¥oo ' j—^co 

which is not possible, since 


J^^e{x,Vv)dx ^ f^<^e(x,VVe)dx ^ 


A = lim sup 

£->■0 y^Ce 

a contradiction. Thus, 




Finally, 



<A 

<(1 + o(l))Ae_fc 


since A = limj_,.oo ^sj,k, and by using inequality (EH, the proof is finished. 

4. Proofs of the divergence results 

Proof of Theorem \1.3[ We divide the proof in several parts. 

1.- Case p = 0. First eigenvalue, lower bound. 

It is enough to consider only the first positive eigenvalue A^^, the result for 
follows by considering the weight —p. 

We can bound Aj"^ by below as follows: 



(4.1) 




p-1 


< eC{p,p, ci,/3, |fl|), 
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where we have used Theorem 12.81 in the first inequality. 

Here the constant C{p, p, ci, /3, |fl|) is obtained from Theorem l2.8l and then using 
the isoperimetric inequality, i.e., the first eigenvalue in H is greater than the first 
eigenvalue of a ball B\q\ with the same measure than 



Therefore, the first positive eigenvalue goes to +cx) at least as 

2.- Case p = 0. First eigenvalue, upper bound. 

The upper bound follows by taking as test function v = (u^+£u^lp(f)l^~^p(§))^''^ 
with a positive function u G (7^(0), and we get 



LuPp{^){l+£\pm^-^p{^)) dx 


(4.2) 



where the constant C is strictly positive for e small enough. 

Hence, we have proved that 

3. - Case p = 0. Higher eigenvalues, lower bound. 

This is immediate from Step 1, since Aj’j, > A^^ > Ce~^. 

4. - Case p = 0. Higher eigenvalues, upper bound. 

Let fc G N be fixed and fix Eq > 0 small such that there exists {Qi}i^i where 
Qi C H is a cube of side lenght Eq and Qi CiQj = 0 (we consider open cubes). 

By the scaling properties of the eigenvalues, we have that p,i,e{Qi) = £o (Qo) 
where pi^eiU) is the first eigenvalue of the p—laplacian in [/ C with Dirichlet 
boundary conditions and weight 

Let Ui be the first eigenfunction corresponding to pi^eiQi) and extended by 0 to 
H, and let us define the set 


Ck = span{ui : 1 < z < fc} n H, 


where B is the unit ball in WQ^’^(r2). Clearly, Ck is a fc—dimensional set, since the 
functions have disjoint support, and hence 'y{Ck) = k. 
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By taking an arbitrary element i; = ^ G Cfc, we get 

f^a^{x,Vv) - S/vdx YA=ifQ,o.e{x,hi^Ui) -biVuidx 
J^p{^)\v\Pdx ~ 

Eti Iq, p( 7)M^ dx 

= /3eo Vt^(Qo)- 

Since v was arbitrary, we find that 

, f^ae(x,Vv) ■ Vvdx 

fnp(§)HPdx 

< /3eo Vt^((3o)- 

Finally, since from Step 1 we have that pi,e(Qo) < C£~^, we obtain the desired 
result. 


5.- Case p < 0. Lower bound. 

Here we work with a = p + c, we add a positive constant to p such that tt = 0. 
Since 

f p{x)\u\^ dx < ( a{x)\u\^ dx, 


for any u G Wg^’^(H), we have the Sturmian type comparison (p) > (ct), which 

follows easily by comparing the Rayleigh quotients. Together with the previous part 
of the proof we obtain 

Ce-i < A+(a) < A+(p). 

5.- Case p < 0. Upper bound. 

Let Q c [0, l]'^ be a cube such that /g p'^{x) dx > 0. Let {p^} be the positive 
eigenvalues of 


(4.3) 


—div{\Vu\'P ^Vu) = pp|m|^ in Q 
u = 0 on dQ. 


By using Theorem 12.121 the variational characterization of eigenvalues together 
with inequality (12.11) and the scaling of eigenvalues, we get 

Ae,fe(H) < Xe,k{Qe) < l3£~^Pk{Q), 
and the upper bound is proved. 


6 .- Case p > 0. 

This one follows from the previous one, by changing p —>■ —p. 

The proof is finished. □ 
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5. Convergence of eigenvalues 


In this final section we prove the convergence rate of the eigenvalues in the case 
where the operators are independent of e and the weights are periodic. 


Proof of Theorem \1.5[ Let us recall the following characterization of eigenvalues: 

— = sup inf f p{x)\uP dx. 

Afc 

where u is normalized with ||Vu||p = 1. 

Let us fix k and given e > 0 we can choose G Ck such that 

< inf / p{j)\u\Pdx + e. 

Afc,e u^Ce 7a 

Now, by using that is compact, we can choose {uijjLi C C^, and r > 0 (r = 
r{p,p,e^Ce)) such that 

J 

Ce C [jB{ui,r), 


p(|u|^ — dx 


< e 


if u e B{ui, r). 


and we choose Uij, such that 


/ p\uig\^ dx = min / p\ui\^ dx. 

Jn 


Therefore, we have 


7 -< inf / p{^)\u\Pdx + e 

< [ dx + e 

JQ. 

= [ {p{j) - p)\uio\^ dx + [ p\u,„\Pdx + e 

Jn Jn 

< [ p\u^gf dx + 0{e) 

< inf [ p\u\^ dx + 0{e) 

Jn 

< sup inf j p\u\^dx + 0{e) = -^ + 0{e), 

ceCfe^eC'Jn Afc 

where the term 0(e) is given by Theorem 12.81 

The same arguments can be used interchanging the role of X^^k and Afc. 

Hence, from 

Finally, using the asymptotic behavior of eigenvalues, Afc w , we obtain the 

desired bound and the proof is finished. □ 






HOMOGENIZATION 


15 


Acknowledgements 

This paper was partially supported by Universidad de Buenos Aires under grant 
UBACyT 20020130100283BA, by CONICET under grant PIP 2009 845/10 and by 
ANPCyT under grant PICT 2012-0153. 

References 

1. L. BafRco, C. Conca, and M. Rajesh, Homogenization of a class of nonlinear eigenvalue prob¬ 
lems, Proc. Roy. Soc. Edinburgh Sect. A 136 (2006), no. 1, 7—22. MR 2217505 (2007b:35021) 

2. Andrea Braides, Valeria Chiado Piat, and Anneliese Defranceschi, Homogenization of almost 
periodic monotone operators, Ann. Inst. H. Poincare Anal. Non Lineaire 9 (1992), no. 4, 
399-432. MR 1186684 (94d:35014) 

3. Thierry Champion and Luigi De Pascale, Asymptotic behaviour of nonlinear eigenvalue prob¬ 
lems involving p-Laplacian-type operators, Proc. Roy. Soc. Edinburgh Sect. A 137 (2007), 
no. 6, 1179-1195. MR 2376876 (2009b:35315) 

4. Valeria Chiado Piat, Gianni Dal Maso, and Anneliese Defranceschi, G-convergence of mono¬ 
tone operators, Ann. Inst. H. Poincare Anal. Non Lineaire 7 (1990), no. 3, 123—160. 
MR 1065871 (91f:49018) 

5. J. Fernandez Bonder, J. P. Pinasco, and A. M. Salort, Eigenvalue homogenization for quasi- 
linear elliptic equations with different boundary conditions, ArXiv e-prints (2012). 

6. Julian Fernandez Bonder, Juan P. Pinasco, and Ariel M. Salort, Convergence rate for some 
quasilinear eigenvalues homogenization problems, J. Math. Anal. Appl. 423 (2015), no. 2, 
1427-1447. MR 3278207 

7. Julian Fernandez Bonder, Juan Pablo Pinasco, and Ariel M. Salort, Some results on quasi¬ 
linear eigenvalue problems. To appear in Rev. UMA (2015). 

8. N. Fusco and G. Moscariello, On the homogenization of quasilinear divergence structure op¬ 
erators, Ann. Mat. Pura Appl. (4) 146 (1987), 1-13. MR 916685 (89a:35025) 

9. Sergey A. Nazarov, Iryna L. Pankratova, and Andrey L. Piatnitski, Homogenization of the 
spectral problem for periodic elliptic operators with sign-changing density function, Arch. 
Ration. Mech. Anal. 200 (2011), no. 3, 747-788. MR 2796132 (2012g:35024) 

10. Paul H. Rabinowitz, Minimax methods in critical point theory with applications to differ¬ 
ential equations, CBMS Regional Conference Series in Mathematics, vol. 65, Published for 
the Conference Board of the Mathematical Sciences, Washington, DC, 1986. MR 845785 
(87j:58024) 

11. A. M. Salort, Eigenvalues homogenization for the fractional laplacian operator, ArXiv e-prints 
(2013). 

12. Ariel Martin Salort, Convergence rates in a weighted Fucik problem, Adv. Nonlinear Stud. 
14 (2014), no. 2, 427-443. MR 3194363 

Departamento de Matematica 
IMAS - CONICET 

FCEyN - Universidad de Buenos Aires 
Ciudad Universitaria, Pabellon I 
(1428) Av. Cantilo s/n. 

Buenos Aires, Argentina. 

E-mail address, J. Fernandez Bonder: jfbonderOdm.uba. ar 
URL, J. Fernandez Bonder: http://inate.din.uba.ar/~jfbonder 
E-mail address, J.P. Pinasco: jpinascoOdm.uba.ar 
URL, J.P. Pinasco: http://mate.din.uba.ar/~jpinasco 
E-mail address, A.M. Salort: asalort@dm.uba.ar 


